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Abstract
Reflecting the growing importance of volatility in economics and finance, there is a large empirical literature in the field that is devoted to estimating and forecasting conditional volatility. The
dominant empirical approach hinges on the ARCH/GARCH family of volatility models, numerous
extensions of which have been applied to time series data arising in a wide variety of contexts.
The success of these models has led to their being applied without discrimination to series such as
returns to individual stocks, as well as to returns from stock indices. More generally, the current
practice in volatility modelling does not differentiate between models that apply to contemporaneous aggregates of sets of disaggregate variables (such as stock indices, inflation rates, national
growth rates) and models that apply to their components (returns to individual stocks, prices of
individual goods, growth rates of individual firms).
There is obvious scope for improvement in models for aggregate variables, that take note of
component volatilities, component weights in the aggregate, and the covariation of the components,
all of which are observed. In this dissertation we take note of the generating process for volatility
behavior of aggregates in the hope that it will lead to better explanations of stylized facts about
volatility and more accurate forecasts. To illustrate the value of this approach we study the volatility
behavior of the major German stock index, DAX, for the period between September 2012 and July
2014.
We find that the dominant component in the volatility of returns to the DAX index was the
covariance between the returns of its component stocks. It is obvious that sound models for covariation between the returns of individual stocks will improve our understanding of the determinants
of volatility patterns of returns to the aggregate index. We pursue this by specifying and estimating
a causal model for the covariance component. In addition, taking note of fact that the covariation
between stock returns is often driven by unobserved bubbles, we also estimate unobserved components models for the covariance component, and illustrate the value of this approach. A programme
of research on volatility modelling that exploits the aggregate structure of many important economic
and financial variables, is outlined for ongoing work.
Keywords: Stock Returns; Index Volatility; Variance Decomposition; Covariance Structure;
GARCH Models; Distributed Lag Models; State-Space Models.
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CHAPTER 1. INTRODUCTION

Chapter 1
Introduction
With increased volatility evident in many economic and financial variables, modeling volatility has
attracted considerable research attention in recent years. Understanding and forecasting volatility
has gained particular importance in Finance. Many asset-pricing models use realised volatility estimates as risk measures, and volatility appears in option pricing formulas derived from such models.
Volatility estimates and forecasts are used in hedging against risk and for portfolio management.
The dominant approach to volatility modelling is the ARCH/GARCH family of models (Engle,
1982; Bollerslev, 1986). There are numerous extensions to the basic GARCH model including
Integrated GARCH (IGARCH) by Engle and Bollerslev (1986), asymmetric approaches such as
Exponential GARCH (EGARCH) by Nelson (1991), Asymmetric Power ARCH (APARCH) by
Ding et al. (1993), and Glosten, Jagannathan and Runkle GARCH (GJR-GARCH) by Glosten et al.
(1993), as well as multivariant approaches1 . Stochastic volatility models treat volatility as an unobserved component that follows some latent stochastic process (e.g. Taylor, 1994; Shephard, 1996).
More recently, Dynamic Conditional Score (DCS) models in which the conditional distribution of
an observation may be heavy-tailed and the location (and/or scale) changes over time have gained
influence (Creal et al., 2011; Creal et al., 2013; Harvey, 2013).
While the above modelling approaches are sophisticated and produce reasonably accurate forecasts in most cases, they are purely empirical and have no theoretical economic/financial basis –
a causal/structural understanding of volatility behavior is lacking. A model that is founded on the
generating process for volatility behavior should lead to better explanations of stylized facts about
volatility and more accurate forecasts.
Some economic variables of importance take the form of contemporaneous aggregates of some
set of disaggregate variables. For example, EU growth rate is the average of the growth rates
of individual member states weighted by time varying relative shares in overall output. Similarly
1 For

a thorough overview of multivariant GARCH (MGARCH) models, see Bauwens et al., 2006).
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macroeconomic variables such as the inflation rate and the unemployment rate, and financial market
indices such as S&P500. This aggregation aspect of the structure of such variables is generally
overlooked in studies of their volatility.2 The same volatility model tends to be applied without
discrimination to individual components as well as to the aggregate. Since the volatility of an
aggregate index is a function of component volatilities, component weights (in the index) and the
co-movement between the components, a lot of information is lost by ignoring the structure of the
aggregate. There is obvious scope to differentiate volatility models that apply to aggregates, from
those that apply to components.
In this report our empirical focus is modelling the generating process for the volatility behavior
of an aggregate stock index, namely the major German stock index, DAX. We use returns data
for DAX, as well as returns and weights data for its constituent stocks for a period of 420 trading
days between September 2012 and July 2014. Through a decomposition of the index variance,
we show that the most important driver of index volatility is the pattern in covariance between the
components, and proceed to develop a model for this important covariance time series. Furthermore,
we outline a GARCH-type volatility model that takes into account the hierarchical structure of the
index (macro unit) and the constituent stocks (micro units).
The paper is structured as follows: Chapter 2 briefly reviews financial volatility theory with a
focus on index volatility, Chapter 3 describes the data that is used for the empirical analysis, Chapter
4 covers a variance decomposition in order to gain insight in the drivers of index volatility, Chapter 5
models the dynamics of the constituent stocks’ covariance structure (since it is the main determinant
of index volatility), Chapter 6 presents an outline for a hierarchical GARCH model, which we
call Index-GARCH, Chapter 7 concludes. The findings of this paper spark a range of interesting
research questions and set a broad agenda for future work, which is discussed in Appendix A.

2 For

a discussion of that problem, see Kattuman (1996).

2

CHAPTER 2. THEORETICAL BACKGROUND

Chapter 2
Theoretical Background – Volatility of Financial Instruments
In much of the empirical anlaysis in economic and finance, aggregate indices provide the summary
characterisation of features of interest. Immediate example includes stock indices such at S&P500,
and price indices. Such indices, and their rates of change (index returns, inflation rate) are weighted
averages of component random variables that provide summary information of much influence and
value.
There is a large literature on time series modelling of stock index returns. In this literature, just
as much as the evolving level, the volatility, i.e., the extent to which the index return varies over
time, is also of great interest. The growing interest in volatility is evident from the development of
the Volatility Index, VIX, a measure of the 30-day expected volatility of the S&P500 in the United
States.3 Figlewski (1997) highlights the importance of forecasting future volatility since it is one
of the five inputs into the Black-Scholes option pricing formula along with stock price, strike price,
time to expiration, and interest rate. Of the five inputs it is the one that is unknown and thus the
importance of its calculation even greater. The academic literature on the VIX focuses on the index
performance as a predictor of 30-day volatility. But it is not evident that the use of implied volatility
from options provide the best approach to forecasting volatility.
Evidence is not entirely clear on the best approach to understanding and predicting volatility.
The focus in finance has been on the GARCH family of models, driven by the challenge of capturing the extent of volatility clustering. Ding and Granger (1996) model the volatility persistence
of speculative returns finding that GARCH(1,1) and IGARCH(1,1) models have good explanatory
power. Andersen and Bollerslev (1998) found that ARCH family of models do provide a good
3 The

VIX is the expected volatility at a point in time based on averaging the weighted prices of S&P500 options
over a range of strike prices. There has developed an active market in futures contracts on the VIX and options on the
VIX.
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forecast of volatility and can explain up to 50% of the variation in daily volatility. Hwang and
Satchell (2007) found that log-ARFIMA models outperform GARCH models, over both short and
long time horizons, in their study on UK companies with traded options. Andersen et. al. (2003)
find that forecasting logarithmic daily volatility with simple “long-memory” autoregressions works
well. Silvey (2007) found that GARCH models performed well in forecasting in-sample volatility
but not out-of-sample data. Using data on the FTSE 100, Silvey finds that simple linear methods
are superior for out-of-sample volatility forecasting. Christodoulakis and Satchell (2007) argue that
GARCH outperforms other methods when the criteria for comparison is more complex than mean,
absolute, and squared errors. Interestingly, Perez-Quiros and Timmermann (2007) note the fascinating observation that the volatility of stock returns spikes in the one month preceding recessions.
They found that volatility was 50% higher during recessions than expansions.
In the volatility modelling literature, there has been little explicit consideration given to the differences between modelling an index as a weighted average, and modelling its component random
variables individually. Contemporaneously aggregated times series variables can be forecast in two
obvious ways. They may be forecast on the basis of the aggregate series, or forecasts of disaggregated variables may be aggregated. In so far as forecasting the level is concerned, the theory of
prediction suggests that the second method should outperform the first. However this holds only if
the data generating process (DGP) is known. If the DGP is not known, and the model is to be estimated, whether the disaggregated approach is an improvement depends on the unknown DGP . As
the DGP is not known in general, the relative efficacy of the two methods is an empirical question
(Hendry and Hubrisch, 2006)
Our focus is not on modelling the level of the aggregate index, but on modelling and forecasting
volatility of the index. Insufficient attention has been paid to the fact that the averaging involved in
a weighted average will make the volatility of the aggregate differ in time series behaviour relative
to the volatility behavior of its component variables. It is obvious that the variance of an index-like
variable will be driven in some part by the covariances between its components. It is reasonable to
consider the possibility that the extent of the comovement of the component variables is driven by
causal factors.
Campbell et al. (2010) explore why stock prices move together. In the Capital Asset Pricing
Model (CAPM), the risk of each stock is measured by its beta with the market portfolio. Common
variation in stock prices can affect the measures of systematic risk that investors use to evaluate
stocks. They point out that if stocks are priced by discounting their cash flows at a rate which is
constant over time, although possibly varying across stocks, then movements in stock prices are
driven by news about cash flows. In this case common variation in prices must be attributable to
common variation in cash flows. If discount rates vary over time, however, then groups of stocks
4
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can move together because of common shocks to discount rates rather than fundamentals. A change
in the market discount rate will have a particularly large effect on the prices of stocks whose cash
flows occur in the distant future (Cornell, 1999; Dechow et al., 2004; Lettau and Wachter, 2007), so
these stocks will tend to rise together when the market discount rate declines, and fall together when
the market discount rate increases. Irrational investor sentiment can also cause common variation
in stock prices that is entirely unrelated to the characteristics of cash flows; Barberis et al. (2005)
and Greenwood (2005, 2008) suggest that this explains the common movement of stocks that are
included in the S&P 500 and Nikkei indices.
If the covariance component turns out to be significant, and if it can be explained in terms of
its causal drivers, then we will have a better understanding, and possibly better predictability of
the time series behaviour of the index itself. This can complement the empirically driven GARCH
approach to modelling volatility of indices. It may also be possible to enrich the GARCH framework
using this causal mechanism.

5
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Chapter 3
The Data
For the disaggregated empirical analysis, we use returns and weights data for the 30 constituents
of the DAX index, spanning the period from 24th September 2012 to 7th July 2014. The data are
sourced from the index provider, STOXX Ltd. 4
The observation period was chosen for two main reasons: While historical price data for the
DAX is available all the way back to 1987, our variance decomposition analysis also requires the
time-varying weights of the constituents in the index. Data availability is an issue for these weights.
The index provider has made weights data available only for the period after 9th December 2009.
Hence, the longest possible period we could have chosen is December 2009 to present.

Figure 3.1: DAX Index Price from 9th December 2009 to 7th July 2014.
4 Index

composition data is available for dates later than 9th December 2009 at <http://daxindices.com/DE/index.aspx?pageID=4>.
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As can be seen in Figure 3.1, over the entire period, the aggregate index was characterized
by an upward trend apart from a short and steep decline around the 400th trading day. There
are no pronounced collapses visible in the observation period. We shorten the observation period
further due to the fact that the index composition changed 4 times between December 2009 and
September 2012. In this initial analysis it is useful to retain a stable index composition, in order to
assign changes in the index variance unambiguously to shocks to the component variances or to the
covariances, avoiding the possibility that the change in the index variance is caused merely by the
changed index composition.
This reduces the sample size to 450 trading days, which remains a sufficiently large window for
time series analysis.5 Clearly, it would have been desirable to use a longer time window of returns
and weights, and in particular, one that spans the financial crisis – however, as was pointed out
before, this data is not available from the index provider. This is a limitation of our data. It might
well be that the component variances and covariance structures behave differently in crisis periods
than during stable periods. We leave this issue for future research, and proceed with the analysis.

3.1

Component Returns

For all of the 30 constituent stocks of the DAX6 , the discretely compounded daily returns are
recorded for the entire observation period:

rit =

Pit
Pi(t−1)

−1

(3.1)

where rit represents the arithmetic return of stock i at time t, and Pit is the adjusted closing price of
stock i at time t.
On visual inspection, the returns series of the the constituent stocks look fairly similar. Unsurprisingly, all stocks have mean returns close to zero – the majority of stocks have a slightly positive
mean return during the observation period, with only 6 stocks (Deutsche Bank AG, E.ON AG, Fresenius Medical Care AG & Co. KGaA, K+S AG, Lanxess AG, and RWE AG) having a negative
mean return. The maximum returns for most stocks are below 10 % in the observation period, with
the exception of Commerzbank AG (15.56 %) and Infineon Technologies AG (10.02 %). Similarly,
the minimum returns for most stocks do not fall below -10 %, with the exception of E.ON AG
5 For

a discussion of required sample size in time series analysis, see Yaffee and McGee (2000), Chapter 1.4.
that there is one day in the observation period – 8th July 2013 – when the DAX comprised 31 constituent
stocks due to the separation of OSRAM Licht AG from Siemens AG. On 9th July 2013, OSRAM Licht AG was dropped
from the index again and the weight of Siemens AG was recalculated.
6 Note
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(-11.49 %), K+S AG (-23.74 %), Deutsche Lufthansa AG (-14.21 %), and Merck KGaA (-10.13
%). Thus we are looking at a rather stable observation period. This is consistent with the slight
but steady upward trend that we observed for the aggregate index during the observation period.
The returns series for Adidas AG is presented in Figure 3.2 to illustrate (the slightly positive mean
return of 0.0003 is shown by the red line).

Figure 3.2: Daily Arithmetic Returns of Adidas AG During the Observation Period from 24th September
2012 to 7th July 2014.

It should be noted that many financial markets researchers rely on continuously compounded returns (i.e. log(Pit ) − log(Pi(t−1) )) in volatility studies (e.g. Harvey and Lange, 2014). We examined
and found that our results did not change with continuous compounding. Therefore we proceed
with discrete compounding, consistent with Comin and Mulani (2006), who base their variance decomposition on discretely compounded firm growth rates. Furthermore, no adjustment was made
for dividends, since they have very little effect on our estimates (e.g. French et al., 1987; Poon and
Taylor, 1992; Koopman and Uspensky, 2002; and Harvey and Lange, 2014).

3.2

Weights

The weighting of constituent stocks in an index can be done in different ways – S&P (2014) differentiate between 3 major techniques of index weighting: Capitalization Weighting (the most commonly
used technique), Equal Weighting, and Modified Market Capitalization Weighting.
8
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The DAX is an example of the first category – capitalization weighting – and is float-adjusted,
meaning that each constituent stock’s weight in the index is directly proportional to its float-adjusted
market value. The DAX weighting is further restricted by a component cap – no constituent stock is
allowed to be assigned a weight of more than 10 % (STOXX, 2014). As pointed out by S&P (2014),
this can be controlled by adjusting the share count if a single component is close to the weight cap.
The DAX index is rebalanced quarterly (STOXX, 2014).
We draw the weights data from the index provider for the same observation period that we used
for returns – 24th September 2012 to 7th July 2014. We use daily data for all 30 constituent stocks;
however, as rebalancing only takes place quarterly, the weights series show long periods of stable
values. Due to the restrictions on the weighting that were explained in the previous paragraph, the
weights do not see large variations even in the longer run, and can be described as fairly rigid. We
present the weights series of Adidas AG as an example in Figure 3.3.

Figure 3.3: Weight of Adidas AG in the DAX During the Observation Period from 24th September 2012 to
7th July 2014.

It can be seen that even though 7 episodes of rebalancing fall into our observation period, the
weight of Adidas AG in the index remains in a small range with a minimum of 1.92 % and a
maximum of 2.48 %. This is similar for the other constituents (available on request).
Since the DAX is not an equally-weighted index, index concentration is an interesting feature
worth analysing. For this purpose we plot the mean weights of all 30 constituent stocks in Figure
3.4, and can see that there are only 6 stocks with mean weights higher than 5 % – namely, Daimler
9
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AG (7.00 %), Allianz SE (7.13 %), SAP SE (7.49 %), BASF SE (9.46 %), Bayer AG (9.62 %), and
Siemens AG (9.81 %).

Figure 3.4: Index Concentration: Mean Weights of the Constituent Stocks During the Observation Period
from 24th September 2012 to 7th July 2014.

In order to analyse index concentration further, we use a commonly accepted measure of market
concentration in economics – the Herfindahl-Hirschman Index (HHI)7 :
N(t)

HHI(t) =

∑ w2it

i=1

where N(t) is the number of components at time t 8 , and wit is the weight of component i at time t.
The HHI lies in the interval [1/n, 1], taking larger values as the distribution of weights grows
more unequal. For the DAX (or generally an index with 30 components), this means that the lowest
7 For

a critical discussion of concentration measures, see Szpiro (1987) or Gabaix (2011).
that the DAX comprises a constant 30 components and therefore a time-invariant N can replace N(t) in
general. However, there have been 2 occasions when the DAX comprised 31 components, so that the use of a timevarying N(t) is appropriate.
8 Note
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possible HHI value would be 0.033 (in a scenario in which all stocks take equal weights). For
the observation period, the HHI of the DAX index is very stable and ranges from 0.057 to 0.058,
which means that the index is not very concentrated and the impact of each individual stock on
the index value is limited. This is unsurprising given the weight cap at 10 %, but is nonetheless
useful to know for two reasons. First, since the HHI is very stable throughout the entire observation
period, we can rule out that changes in the aggregate index variance are due to a changed weights
structure; changes in the index variance can be ascribed to changes in either the constituent stock’s
variances or their covariance structure (or both). This is the focus of our analysis in the following
chapter. Second, the low level of the HHI for the DAX index is reassuring, since it suggests that
no single component has extremely high influence on the index measures, which means that large
changes in index variance can most likely be ascribed to a common shock to all (or at least several)
components, rather than an idiosyncratic shock to only one (very influential) component.

Figure 3.5: Index Concentration: Herfindahl-Hirschman Index During the Observation Period from 24th
September 2012 to 7th July 2014.
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Chapter 4
Variance Decomposition & Model Formulation
4.1

Theoretical Background

There is a large literature in economics that analyses the association between firm-level volatility
and aggregate volatility of the economy they belong to – notable examples include, inter alia, Jovanovic (1987), Horvath (2000), Comin and Philippon (2005), Comin and Mulani (2006), Gabaix
(2011), and Carvalho and Gabaix (2013).
A stylised fact emerging from this collective body of work is that volatility in the rate of growth
of the US economy has declined over the past three decades, while firm-level volatility increased
considerably during that period. This does not seem intuitive at first glance, since the economy
is composed of the entirety of firms. Comin and Mulani (2006) present an appealingly intuitive
variance decomposition and find that firm-level volatility has only a very minor impact on aggregate
volatility, which is driven to a large extent by the covariance in the growth rates of firms.
We will use their (modified) variance decomposition in order to analyse whether or not the same
holds true for stock indices. To this end, we define a dynamic realised variance measure for the
return to an individual stock:

σ 2 (rt ) =

∑tτ=t−30 (rτ − r̄t )2
31

(4.1)

where σ 2 (rit ) is the variance of stock i’s return at time t and r̄it is the average return of stock i
between t − 30 and t.
We use the returns for the previous 30 trading days in order to calculate the volatility measure
12
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for the current trading day.9 Departing from Comin and Mulani (2006) who performed an ex-post
analysis on the volatility of GDP, we choose to use a one-sided window for the computation of the
volatility measure in order to be able to use our final model for forecasting purposes as well.
Analogously, we define a dynamic covariance measure (with the same window size):

Cov(rit , r jt ) =

∑tτ=t−30 (riτ − r̄it )(r jτ − r̄ jt )
31

(4.2)

where rit is the return of stock i at time t, r jt is the return of a different stock j at time t, r̄it is the
average return of stock i between t − 30 and t, and r̄ jt is the average return of stock j between t − 30
and t.
It should be noted that our choice of window size requires discarding the first 30 observations
of the dataset, since no dynamic variance/covariance values can be computed for them. This leaves
us with a sample size of 420 observations, which is sufficient for inference in time series analysis.
If one were faced with much smaller samples, it is possible to reduce the window size. As pointed
out earlier, the results were robust to decreased window sizes of 15, and even 10. In order to
be consistent with the notation in Comin and Mulani (2006), let V ([rτ ]tt−30 ) denote the dynamic
variance as defined above, and let Cov([riτ ]tt−30 , [r jτ ]tt−30 ) denote the dynamic covariance as defined
above.
As a next step we decompose the variance of the returns to the Index, in order to be able to
analyse its dependence on stock-level returns variance and covariance structures, and to be able
to explain potential divergences in aggregate and stock-level volatility, respectively (Comin and
Mulani, 2006):

V ([Rτ ]tt−30 ) =

t
1
∑
31 τ=t−30

t
1
∑ riτ × wiτ − 31 ∑ ∑ riτ × wiτ
i
τ=t−30 i

!2
(4.3)

= ∑ w2it ×V ([riτ ]tt−30 ) + ∑ ∑ wit × w jt ×Cov([riτ ]tt−30 , [r jτ ]tt−30 )
i

i j6=i

= VCt (Variance Component) +CCt (Covariance Component)
where Rt is the index return at time t, wit is the weight of stock i at time t, VCt = ∑i w2it ×V ([riτ ]tt−30 )
is the variance component at time t and CCt = ∑i ∑ j6=i wit × w jt × Cov([riτ ]tt−30 , [r jτ ]tt−30 ) is the
9 The

analysis was repeated with windows of 15 and 20 trading days for the computation of the dynamic volatility
measure, and we found the results to be robust to the different window sizes.
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covariance component at time t.
We can see from the equation that the index variance can be driven by three factors: the component variances, the component covariance structure, and the weight distribution. We have already
discussed in Chapter 3 that the weight distribution for DAX stocks is not very concentrated but is
stable over the observation period, so we will now focus on the impact of component variances and
component covariance structure.

4.2

Estimation of the Variance Component

The computation of the variance component (VC = ∑i w2it ×V ([riτ ]tt−30 )) was done in 3 steps:
1. First, we calculate the time series of rolling variance measure – with a one-sided window size
of 30, as discussed earlier – for the individual components, i.e. V ([riτ ]tt−30 ) for all individual
stocks, i. It should be noted that the rolling estimation requires the first 30 observations to be
discarded from the dataset – so we create dynamic variance value for the observation period
from 5th November 2012 (= 31st trading day in our sample) to 7th July 2014. As an example,
Figure 4.1 shows the (unweighted) dynamic variance time series for Adidas AG.

Figure 4.1: Unweighted Dynamic Variance Time Series for Adidas AG.

2. As a next step, we compute the weighted dynamic variance time series for the individual
components, i.e. w2it × V ([riτ ]tt−30 ). This results in 30 time series that show the contribution
to the variance component (VC) for every individual stock, i. Again, the weighted dynamic
variance series of Adidas AG is shown as an example in Figure 4.2.
14
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Figure 4.2: Weighted Dynamic Variance Time Series for Adidas AG.

3. Finally, we obtain the total variance component for each time, t, by computing the sum of all
30 individual stocks’ weighted dynamic variance series, i.e. ∑i w2it ×V ([riτ ]tt−30 ). The result
is shown in Figure 4.3 – each of the grey lines represents the weighted dynamic variance
series of a constituent stock, while the blue line shows the total variance component (i.e. the
contribution of the entirety of individual stocks’ variances to the index variance).

Figure 4.3: Total Weighted Variance Component (blue) and Contribution of the Individual Stocks’
Variances to the Variance Component (grey).
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It can be seen in the plot that most constituent stocks have a very low contribution to the
total variance component (in relative terms), while around six individual stocks contribute
considerably more. Looking at the formula for the variance component, this is unsurprising,
since the squared weights enter as a factor – so the 6 constituent stocks with mean weights
greater than 5 % contribute considerably more to the total variance component than the other
stocks, even though the unweighted variance series do not differ much.

4.3

Estimation of the Covariance Component

The computation of the covariance component (CC = ∑i ∑ j6=i wit × w jt × Cov([riτ ]tt−30 , [r jτ ]tt−30 ))
was done in 3 steps as well:
1. As a first step, for each individual stock, we calculate the pairwise dynamic covariance series (with one-sided window size of 30) with each of the other 29 constituent stocks, i.e.
Cov([riτ ]tt−30 , [r jτ ]tt−30 ) with i 6= j. Again, the first 30 observations have to be discarded from
the dataset. Figure 4.4 shows the unweighted pairwise covariance series of Adidas AG with
each of the 29 other constituent stocks (each grey line represents one covariance series).

Figure 4.4: Unweighted Pairwise Dynamic Covariance Time Series for Adidas AG with Each of the
Other Constituent Stocks.

2. In a next step, we multiply the pairwise dynamic covariance series by the weights (e.g, the
weight of Adidas AG, and the weight of the other stock, at any given time, t), and compute
the sum of the weighted series, in order to obtain the contribution of Adidas AG to the total
covariance component, i.e. ∑ j6=i wit × w jt × Cov([riτ ]tt−30 , [r jτ ]tt−30 ). Figure 4.5. shows the
16
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weighted pairwise dynamic covariance series for Adidas AG with each of the other 29 constituent stocks (grey lines), as well as the contribution of Adidas AG to the total covariance
component (blue line).

Figure 4.5: Contribution of Adidas AG to Total Covariance Component (blue) and Weighted Pairwise
Dynamic Covariance Time Series for Adidas AG with Each of the Other Constituent Stocks (grey).

3. Finally, we compute the sum over all of the constituent stocks’ contributions to the total
covariance component, in order to get the covariance component, i.e. ∑i ∑ j6=i wit × w jt ×
Cov([riτ ]tt−30 , [r jτ ]tt−30 ). The total covariance component (i.e. the contribution of the covariance structure between the constituent stocks to the index variance) is plotted in Figure 4.6.

Figure 4.6: Total Covariance Component (Contribution of Covariance Structure Between the Constituent Stocks to Index Variance).
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4.4

Findings

In order to evaluate the quality of the variance decomposition, we calculated the dynamic variance
(with one-sided window size of 30) for the index returns (V ([Rτ ]tt−30 )) , i.e. without taking note of
its composition, and compared the results to the estimates of the index variance that we obtained
from the decomposition (i.e. the sum of variance and covariance components). Figure 4.7(a) shows
the index variance (that was calculated using index returns only), Figure 4.7(b) shows the variance
component (VC), the covariance component (CC), as well as the sum of VC and CC as an estimate
of index variance.

Figure 4.7: (a) Dynamic Index Variance; (b) Estimate of Dynamic Index Variance (VC + CC), Variance
Component (VC) and Covariance Component (CC).

The figure reveals two noteworthy features: First, there is very little discrepancy between the
actual dynamic index variance (Figure 4.7(a)) and the estimate of the dynamic index variance obtained from the variance decomposition (VC + CC in Figure 4.7(b)). It can be seen that we can
describe the index variance extremely well through the decomposition. Second, and more importantly for gaining a better understanding of the generating process of index returns variance, it can
be seen in Figure 4.7(b) that the predominant driver of the index returns variance is the (weighted)
sum of covariances between the returns of constituent stocks (i.e. the covariance component) – the
covariance component dominates the variance component by an order of magnitude. This coincides
18

CHAPTER 4. VARIANCE DECOMPOSITION & MODEL FORMULATION

with the findings in Comin and Mulani (2006), who also conclude that in order to understand the
evolution of aggregate volatility it is necessary to examine the forces that drive covariance between
the micro units.
The dominance of the covariance structure is confirmed by looking at the fraction of the index
variance that is explained by the covariance component – as plotted in Figure 4.8. The mean value
(as indicated by the dashed red line) is 87.42 % and the fraction explained by the covariance component only falls below 75 % once during the observation period for a couple of days around trading
day 275, which can mainly be ascribed to the extremely low level of the index returns variance in
this window. This suggests that we can gain a good understanding of aggregate volatility behavior
by examining the covariance pattern between the constituent stocks, which we try to achieve in the
next chapter.

Figure 4.8: Fraction of the Index Variance Explained by the Covariance Component.
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Chapter 5
Models for the Covariance Component
The previous chapter has highlighted the importance of covariance between the returns of constituent stocks, for understanding the volatility in returns of the aggregate index. It is desirable to
understand – and to be able to estimate and forecast – the dynamics of this covariance structure.
That is the focus of this chapter.

5.1

Structural Model

First, we try to formulate a structural model that pays attention to the relationship between myriad
economic forces and the stock market. Seminal papers in this area include Nelson (1976), Fama
and Schwert (1977), Schwert (1981), Keim and Stambaugh (1986), Campbell (1987), and Fama
and French (1988a, b and 1990). The general concensus is that even though a feedback mechanism exists (i.e. the effect is not one-directional) it is primarily the stock market that is driven by
economic forces, such as spreads between short-term and long-term interest rates, inflation, and
industrial production – rather than the economy being driven by shocks in the stock market.
Essentially, there are two types of economic shocks that suggest themselves as drivers of covariance between stock returns: those that push all stock prices into either the up or the down direction
(primarily macroeconomic shocks), and those that are stock-specific or idiosyncratic – for example,
some shocks may have a strong impact on one economic sector, without affecting other sectors (sectoral shocks). The former will tend to increase the covariance component, while the latter will tend
to decrease it. Chen et al. (1986) point out that due to the diversification argument that is a pivotal
element of capital market theory, only general economic state variables can be expected to affect the
pricing of large stock market aggregates.10 One issue that makes finding a good structural model

10 For

a more critical view on the diversification argument, see Horvath(1998, 2000).
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difficult is the instability of the relationship between stock returns and macroeconomic factors, as
documented by Panetta (2002).

5.1.1

Explanatory Variables

We draw data for explanatory variables from Federal Reserve Bank of St. Louis, which is a reliable
source for a wide range of economic time series.11
In the selection of variables, we take note of several issues: first, it was important that the data
is readily available up to present (i.e. published without long delays). Since we have an interest in
using our model for forecasting purposes, and since our observation period is very recent, we would
have to discard part of the time window if we used economic series for which recent data is not yet
available. Second, we prefer to use daily data for explanatory variables whenever possible, since
our dependent variable is of daily frequency and we wish to avoid a frequency mismatch. This has
turned out to be problematic, since the majority of economic variables are not published on a daily
basis. Finally, whenever possible we seek to use variables that have a direct relation to the German
(or European) economy to avoid spurious relationships.
Based on these selection criteria, we focus on four explanatory variables:
• the EUR/USD exchange rate (daily frequency),
• the Bund future price (daily frequency), i.e. a measure related to long-term German government bonds,
• an Economic Policy Uncertainty Index for Europe (monthly frequency), provided and documented by Baker et al. (2013),
• and an interest rate measure for Germany (monthly frequency), taken from the International
Financial Statistics Yearbooks by the IMF.
It would have been desirable to use data on inflation and industrial production as well, however
these series have a very low frequency and/or are published with a significant lag, so that they can
not be considered as useful for our objective of daily forecasts.
To get a first idea of the relationships between the covariance component and these potential
explanatory variables, we plot the correlations in Figure 5.1. It can be seen that the dependent
variable is not correlated to any of the explanatory variables particularly strongly. Furthermore,
we can see a strong (negative) correlation between the interest rate measure and the Bund future
11 Data

source: http://research.stlouisfed.org
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price, which is intuitive – this suggests that multicollinearity might pose problems if we useed both
variables in a model.

Figure 5.1: Correlation Between Covariance Component and Explanatory Variables.

We proceed with the EUR/USD exchange rate and the Bund future price as explanatory variables. Even though the interest rate shows the highest correlation with the covariance component,
the frequency mismatch (daily versus monthly) and the fact that interest rate data is only available
up to May 2014 make the data inconvenient to work with, and the results questionable. Since the
Bund future price and the interest rate are so highly correlated, we prefer to work with the Bund
future price instead, as it is readily available on a daily basis.
The economic policy uncertainty index was discarded from the specification, as the relationship
appears rather weak and is unintuitive. It is reasonable to expect a positive relationship: higher
economic policy uncertainty can be expected to hit all sectors of an economy and lead to higher
covariance between the returns. The negative relationship seen in the correlation plot may be a
result of the frequency mismatch, or may be a specific feature of this dataset, rather than a generally
valid relationship.
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5.1.2

Distributed Lag Model

Theoretical Background
The discussion based on the correlation analysis in the previous subsection provided us with a
preliminary sense of economic forces that might drive covariances among the index constituents.
Given the limitations of the data, we are left with EUR/USD exchange rate as a potentially causal
variable.
We begin with a finite distributed lag model to estimate any dynamic causal effects (i.e. causal
effects that work over time). The general form is:12
k

Yt = α + ∑ βi Xt−i + εt

(5.1)

i=0

where Yt is the value of the response at time t, α is the intercept, Xt−i is the ith lag of the explanatory
variable, βi is the marginal effect of the ith lag of the explanatory variable on the response (often
called lag weight in this context, while the entirety of lag weights describe the lag distribution), and
εt is an error term with zero mean and constant variance σ 2 , and (Xt ) is distributed independently
of (ut ). The pattern of the lag weights (the dynamic marginal effects) and their cumulative effect
can reveal the timing, as well as the magnitude, of an explanatory variable’s impact on the response.
If the explanatory variable is strictly exogenous, the coefficients of finite distributed lag models can
be estimated by OLS (Almon, 1965).13
The issue of choosing the lag length k in the model remains.14 The popular approaches are going
by statistical significance (noting that t-tests may not be useful for selecting lag length due to the
potentially high correlation between the regressors), and selection by minimising information criteria, such as the Akaike Information Criterion (AIC) or the Schwarz/Bayesian Information Criterion
(SBIC).

Using Exchange Rates to Explain the Covariance Component
As a first step, we try to gain a better understanding of the causal relationship between the covariance component and the EUR/USD exchange rate through a visual inspection of the two time
12 In

this report, we only consider conventional linear distributed lag models. For an overview of non-linear distributed lag models, see Roberts and Martin (2007), and Gasparrini et al. (2010).
13 It should be noted that high levels of autocorrelation in the regressor can lead to multicollinearity in the unrestricted
finite distributed lag model, and make coefficient estimates unreliable.
14 For a discussion on the selection of the optimal lag length, see Amemiya and Morimune (1974).
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series (Figure 5.2). The negative relationship – while not very strong – is visible for most of the
observation period.

Figure 5.2: Time Series of Covariance Component (Response Variable) and EUR/USD Exchange Rate (Regressor).

On this basis we proceed to investigate the dynamic causal relationship. We specify a finite
distributed lag model for the covariance component, using the exchange rate as regressor:15
k

CCt = α + ∑ βi × EUR/USDt−i + εt

(5.2)

i=0

where the lag length, k, is selected using the AIC.16 The maximum lag length we tested for is 7
trading days, which has to be considered quite long if financial markets are efficient (Fama, 1970).
15 A

distributed lag model was also estimated using the Bund future price as regressor. The model produced similar
results to the ones we observe for the EUR/USD exchange rate, and is therefore not included in the final report – results
can be provided on request. No distributed lag models were estimated using interest rate or policy uncertainty as inputs,
since the frequency mismatch would make extremely long lag length necessary.
16 AIC = −2 × log L + 2 × k, where log L is the value of the log-likelihood function at convergence, and k is the
number of estimated parameters.
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The specification recommended by the AIC is one that only includes only the first lag of the
EUR/USD exchange rate (AIC = -7393.99), i.e.:

CCt = α + β0 × EUR/USDt + β1 × EUR/USDt−1 + εt

(5.3)

The model was estimated using OLS. The model output is shown in Table 5.1. The reported
standard errors are HAC-corrected standard errors (Newey and West, 1987).

Variable
Estimate
Std. Err.
−4
α (Intercept)
3.57 ∗ 10
3.82 ∗ 10−4
β0 (EUR/USDt )
−2.14 ∗ 10−4 1.15 ∗ 10−4
β1 (EUR/USDt−1 )
2.60 ∗ 10−6 1.92 ∗ 10−4

p-value
34.99 %
6.26 %
98.92 %

Table 5.1: Output of the Distributed Lag Model.

It can be seen that only the impact effect (β0 = ∂ (CCt )/∂ (EUR/USDt )) is significant at a 10 %
level. The dynamic multipliers, as well as the cumulative dynamic effect, are shown in Figure 5.3.
It would appear that changes in the exchange rate have only an immediate effect on the covariance
component; no lagged effect is evident, as the coefficient at Lag 1 is not significantly different from
zero.

Figure 5.3: Distributed Lag Model: (a) Dynamic Multipliers (with 90 % HAC-Corrected Conficence Interval); (b) Cumulative Multipliers (with 90 % HAC-Corrected Conficence Interval).
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This result is unsurprising if the financial market is efficient. The Efficient Market Hypothesis
(EMH) as coined by Fama (1970), would lead us to expect that changes in the exchange rate will
have an immediate effect on the pricing of stocks, consistent with the empirical result. The implication is that in order to be able to forecast the covariance component, we may have to look to a
different approach.
While we did not find a suitable structural model for forecasting the covariance component here,
the analysis was nonetheless valuable, since we now have a better understanding of the relationship
between the covariance component and some economic drivers, such as exchange rates, interest
rates, and policy uncertainty. In other contexts, such as when the focus is on consumer price index
volatility, or GDP growth rate volatility, it is more likely that we will find richer model specifications, as these measures cannot be expected to adjust to economic news as fast as financial markets,
and also because the relevant covariance component would be recorded at a lower frequency, reducing the problem of frequency mismatch with causal economic variables.
An alternative approach to specifying a model for the co-movement of stock returns might be to
seek out (firm-level) accounting measures. Campbell et al. (2010) suggest that growth stocks are
most sensitive to movements in the equity risk premium, while value stocks are most sensitive to
market-wide shocks to cash flows. This might explain co-movement of groups of stocks. While this
approach seems appealing and theoretically sound, availability of very recent data might be an issue
for firm-level explanatory variables. Thus this approach might be more suitable for ex-post analysis
than for forecasting. Further, there is no reason to believe that cash-flow shocks and discount-rate
shocks will not be priced in immediately, making lagged relationships unlikely.

5.2

Unobserved Components Model

A different stream in the literature on stock returns stems from behavioral finance research and is
based on the existence of periodically collapsing speculative bubbles in the market. The occurrence of speculative bubbles has been documented extensively. McQueen and Thorley (1994) link
anomalies in stock returns (in particular, evidence of duration dependence) to the existence of speculative bubbles; Brooks and Katsaris (2003) find that stock prices on the London Stock Exchange
diverge substantially from their fundamental values and that the divergence has the characteristic
of bubbles; Anderson et al. (2010) find that well over a half of S&P 500 stocks exhibit bubble-like
behavior; and Anderson and Brooks (2014) find that the common variation in stock returns that is
attributable to market risk can be explained through the co-movement of bubbles.
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The evidence for speculative bubbles in stock returns and their potential to drive covariation and
volatility motivates the use of an unobserved components approach. While the effects of speculative
bubbles may be visible, bubbles themselves must be seen as unobservable phenomena and can
only really be analysed ex-post, i.e. after they collapse. We devote the rest of this chapter to the
estimation of models for the covariance component using state-space methods.

5.2.1

State-Space Model

Theoretical Background
State-space models form a rich family of time series models based on the essential idea that an
observed time series is driven by an underlying, hidden (i.e. unobserved) state process that evolves
over time in a way that reflects the structure of the system being studied. The state process itself
is governed by a first-order Markovian transition equation, contaminated by noise. Using a model
that consists of the state transition equation and the observation equation (that relates the actual
observations to the state), the hidden state process – the feature of interest – can be estimated. The
ability of the state-space approach to extract unobserved dynamic features of the series (in particular
trend, cycle, and seasonality) in an efficient and interpretable way makes it a potentially powerful
framework.
The state-space framework has been discussed exhaustively in the literature. While the method
has its origin in engineering research (e.g. Jazwinski, 1970; Anderson and Moore, 1979), pioneering work on state-space models in an econometric context is due to Harvey (1989). Other work
that discussed the method in great detail includes Kitagawa and Gersch (1996), and Durbin and
Koopman (2001). Parameter estimation in linear Gaussian state-space models is systematically
documented by Harvey and Peters (1990), as well as Davis and Rodriguez-Yam (2005) – or, in a
Bayesian context, by West and Harrison (1997), and Frühwirth-Schnatter (2006). Detailed reviews
of the implementation of state-space modelling in statistical software include Petris et al. (2009),
Mendelsohn (2011), and Petris and Petrone (2011).
State-space models are based on the Markov property – the state of the system is defined as the
minimum set of information from the past and present, so that the future behavior of the system can
be fully described by the knowledge of the present state and future input (Wei, 1990). Univariate
time series can be described in state-space form as follows (Harvey and Peters, 1990):

yt = zt0 αt + εt
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αt = Tt αt−1 + ξt

(5.5)

where Equation (19) is the observation (or measurement) equation and Equation (20) is the state
equation (or transition equation). yt are the observed values, αt is the state vector of dimension
m × 1, zt is an m × 1 fixed vector (that is usually called the observation or design vector), Tt is
an m × m fixed transition matrix, and εt (a scalar) and ξt (a vector of dimension m × 1) are the
disturbances which are distributed normally and are independent of each other. The general idea is
to produce an estimator of the underlying unobserved signals α t = (α1 , ..., αt ) given the observed
time series ys = (y1 , ..., ys ). If t > s, the problem is one of forecasting. If t = s, it is a filtering
problem and for t < s, it is a smoothing problem (Harvey and Shephard, 1993).
Notable advantages of the state-space approach are documented by Harvey (1989), and Durbin
and Koopman (2001):
• Shifts, breaks, and time-varying parameters of a static model can be handled well (by making
them dynamic states),
• Missing data can be handled relatively well (by skipping the updating step and just executing
the transition step in the Kalman filter estimation),
• The model consists of directly interpretable unobservable dynamic components which can be
estimated,
• Explanatory variables can be introduced in the model easily,
• Unlike ARIMA, there is no requirement of stationarity in the state-space approach, and so
obviates the need for data transformation.

Estimation & Model Selection
Since there in no stationarity requirement in state-space modelling, we can proceed to the estimation
directly, using the covariance component as dependent variable.17 Figure 5.4 proposes a systematic
approach for basic state-space model selection that is based on Harvey (1989) and first documented
in Weiss (2014).

17 Due

to the idiosyncrasies of the STAMP software (which is unable to handle series with extremely low absolute
levels – such as the covariance component), we used CCt × 1000 as dependent variable.
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Starting with a general model specification at the outset, the approach is that if the disturbance
variance pertaining to a state variable (i.e. the disturbance variance in the transition equation of
the state variable) is found to be close-to-zero, then the corresponding state component may as
well be treated as deterministic, with the advantage of parsimony (Andrews, 1994; Commandeur
and Koopman, 2007). In this first model selection step, we only allow for level and slope (and
seasonality, if present) terms – as pointed out by Harvey (1989), a cyclical component should only
be included in the state-space model if necessary, and if there is sufficient evidence that a cycle is
indeed present in the data, as identifiability issues arise otherwise. Due to this identifiability issue,
we first select the best model without a cycle and then test in a second step whether the model
should be refined by adding a cycle component.
The unrestricted model that starts off the empirical analysis of the covariance component allows
for a (time-varying) stochastic level, and a (time-varying) stochastic slope – called the local linear
trend model in the literature:
CCt = µt + εt , εt ∼ NID(0, σε2 )

(5.6)

µt+1 = µt + vt + ξt , ξt ∼ NID(0, σξ2 )

(5.7)

vt+1 = vt + ζt , ζt ∼ NID(0, σζ2 )

(5.8)

Equation (5.6) is the observation equation, which describes the observed value of the covariance
component in terms of the estimated level (state), µt , and an irregular term, εt . Equations (5.7) &
(5.8) denote the transition process governing the state variables, i.e. the stochastic level, µt , and the
stochastic slope vt . For the estimation of the hyperparameters in this linear Gaussian state-space
model (i.e. the state variances and the variance of the irregular component), the Maximum Likelihood approach is employed – for this purpose we use STAMP (Structural Time Series Analyser,
Modeller and Predictor), a software package specifically designed to estimate state-space models
(Koopman et al., 2009). Based on the Maximum Likelihood estimates, the unobservable state values, i.e. µt and vt can be estimated for t = 1, ..., 420, using the Kalman filter and smoother, as
described by Harvey (1989).
At convergence, the value of the log-likelihood function is 2098.2, which corresponds to an AIC
of -4186.4.18 The Maximum Likelihood estimate of the variance of the irregular component (σ̂ε2 )
18 The number of estimated parameters,

k, that enters the penalty term of the AIC includes the number of disturbance
variances and the number of diffuse initial values in the state (since diffuse initialisation is used in the estimation
process). For a thorough review of the use of AIC in state-space model selection, and for an improved information
criterion in this context, see Bengtsson and Cavanaugh (2006). For a discussion of the use of diffuse initialisation (i.e.
the use of diffuse priors to obtain initial state values), as opposed to fixed initial state vectors, see e.g. Harvey (1989);
Harvey and Peters (1990).

30

CHAPTER 5. MODELS FOR THE COVARIANCE COMPONENT
is 0. The Maximum Likelihood estimates of the state disturbance variances are σ̂ξ2 = 4.30 × 10−5 ,
and σ̂ζ2 = 0, respectively. The Maximum Likelihood estimates of the diffuse initial values of the
level and the slope are µ̂1 = 0.0764 and v̂1 = −1.256 × 10−4 , respectively. Figure 5.5 plots actual
vs. fitted values (top left), the smoothed estimates of the stochastic level (top right), the smoothed
estimates of the stochastic slope (bottom left), and the irregular component (bottom right).

Figure 5.5: Fit of the Local Linear Trend Model.

From an inspection of the model fit, we can draw several conclusions: First, the series can be described extremely well by using a stochastic level – which is able to capture the entirety of stochastic
behavior in the covariance component (shown by the zero variance of the irregular component, σ̂ε2 ).
Though a stochastic slope is allowed for, the slope variance (σ̂ζ2 ) is zero, which means that the
model reduces to one with stochastic level and deterministic trend (called the random-walk-plusdrift model by Harvey, 1989). The (constant) level of the deterministic trend is extremely close to
zero (even relative to the absolute level of the time series), which suggests that a model without
trend component might be sufficient. These results – a (close to) zero trend and irregular variance,
respectively – is a typical phenomenon for economic series, as discussed by Lee (2010), who finds
similar results in his study of GDP and gross private domestic investment.
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According to the proposed model selection approach, we compare the fit of the random-walkwith-drift model to a model with a stochastic level term and no slope term – called the local level
model or random-walk-plus-noise model in the literature (Harvey, 1989):

CCt = µt + εt , εt ∼ NID(0, σε2 )

(5.9)

µt+1 = µt + ξt , ξt ∼ NID(0, σξ2 )

(5.10)

The local level model requires the estimation of two disturbance variances (σε2 , and σξ2 ) and
one diffuse initial values (µ1 ) and is therefore more parsimonious than the random-walk-with-drift
model.

Figure 5.6: Fit of the Local Level Model.

The fit of the local level model is presented in Figure 5.6 – actual vs. fitted values (top), smoothed
estimates of the stochastic level (middle), irregular component (bottom). At convergence, the value
of the log-likelihood function is at 2106.67, corresponding to an AIC of -4207.34 – and consequently this model performs better than the random-walk-with-drift model based on this selection
criterion. The Maximum Likelihood estimate of the variance of the irregular component is 0 again,
which is unsurprising, as we already concluded from the previous model that a local level is capable
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of describing the stochastic behavior of the covariance component series. The Maximum Likelihood estimate of the level disturbance variance (σ̂ξ2 ) is 4.29 × 10−5 and hence slightly higher than
before – which is again not surprising, since the minimally negative slope that was observable in the
previous model had to be captured by the local level as well. The Maximum Likelihood estimate of
the initial value of the level (µ̂1 ) is 0.0764 as before, which is also the actual value of the dependent
variable at the beginning of the observation period.
We conclude that the local level model is the best basic model (allowing only for stochastic/deterministic level and slope terms). However, the covariance component series quite obviously shows
evidence of cyclical behavior – which is not devoid of theoretical foundation. As the relationship
between stock returns and the business cycle is well-documented (e.g. DeStefano, 2004), it is reasonable to believe that the business cycle should also have an impact on the co-movement of stock
returns. Hence, we extend the local level model by adding a cycle component.
It is well-established that a deterministic cycle with frequency λ (or period ω = 2π/λ ), ampli√
tude A2 + B2 , and phase tan−1 (B/A), can be written as a sine-cosine wave as follows (Harvey,
1989; Lee, 2010):

ψt = A cos(λt) + B sin(λt)

(5.11)

which can be written in recursive form as:
!

ψt+1
∗
ψt+1

"
=

cos(λ ) sin(λ )
−sin(λ ) cos(λ )

#

ψt
ψt∗

!
, t = 1, ..., n,

(5.12)

with ψ1 = A, and ψ1∗ = B.
In the state-space context, we are more interested in a stochastic specification of the cycle, which
can be obtained by introducing a damping factor φ (which is between 0 and 1 and describes the
persistance of the cycle) and by adding random disturbances in each step of the recursion (Harvey,
2002):

ψt+1
∗
ψt+1

!

κt
κt∗

"
=φ

cos(λ ) sin(λ )
−sin(λ ) cos(λ )

!

"
∼ NID 0,

σκ2 0
0 σκ2
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ψt∗

!
+

κt
κt∗

!
(5.13)

#!
, t = 1, ..., n,

(5.14)

CHAPTER 5. MODELS FOR THE COVARIANCE COMPONENT
where κt and κt∗ are two mutually uncorrelated white noise disturbances with zero means and common variance σκ2 .
At convergence, the value of the log-likelihood function is at 2110.09, which corresponds to an
AIC of -4210.18 for the local level model including a cycle term as described above. The Maximum
Likelihood estimate of the variance of the irregular component is 0 again. The Maximum Likelihood
estimate of the level disturbance variance (σ̂ξ2 ) is 3.59 × 10−5 , the cycle disturbance variance (σ̂κ2 ) is
5.02 × 10−6 . The Maximum Likelihood estimate of the initial value of the level (µ̂1 ) is 0.0761, and
the initial value of the cycle component is 0.0003, which adds up to 0.0764 as before – the actual
value of the dependent variable at the beginning of the observation period. The cycle has a period of
63 trading days and a damping factor of 0.987 (suggesting that the cycle behavior is pervasive and
that we might also have used a deterministic cycle component). Figure 5.7 plots actual vs. fitted
values (top left), the smoothed estimates of the stochastic level (top right), the smoothed estimates
of the stochastic cycle (bottom left), and the irregular component (bottom right). It should be noted
that the local level and the stochastic cycle together are able to fully describe the stochastic behavior
of the actual series.

Figure 5.7: Fit of the Local Level + Cycle Model.
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Based on the fact that it shows the highest log-likelihood value and the lowest AIC, and since
there is also a strong theoretical foundation for cyclical behavior in the covariance component series,
we proceed with the local level model with cycle as our final model.19

Figure 5.8: Forecasts of the Local Level Model (top) and the Local Level with Cycle Model (bottom).

Since the purpose of this section was to fit unobserved component models for forecasting the
covariance component, it is worth checking how the forecasts produced by (a) the local level model
19 Residual

diagnostics – testing the assumptions of independence, homoskedasticity, and normality, as suggested by
Commandeur and Koopman (2007) – have been performed and can be provided on request.
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and (b) the local level model with cycle differ. Figure 5.8 shows the 42-day forecast (which is 10 %
of the length of the actual series) including 95 % prediction intervals for Model (a) and Model (b),
respectively. While the local level model only produces a naive, flat forecast, the local level with
cycle model shows a pattern that seems helpful for forecasting the future behavior of the covariance
component.

5.3

Further Tasks

While the state-space framework seems very useful in describing and forecasting the behavior of
the covariance component, we are eventually interested in explaining the total volatility of the stock
index, rather than just the covariance component. It may appear appealing to model the two components (i.e. the variance component and the covariance component, respectively) separately. This
would allow for different patterns of the two components and allow us to deal with structural breaks
more flexibly in the state-space modelling framework. Fundamental and/or speculative forces may
affect individual stock variances and the covariances between them in different ways. It may also
seem intuitive to produce separate forecasts for each component and then use the sum as a forecast
for the total index variance. However, this would not account for the correlation between the variance component and the covariance component. One emphasis of future research should be on the
joint estimation of the both components – this research problem and potential approaches which are
to be explored are discussed in more detail in Appendix A.
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Chapter 6
Development of an Index-GARCH Model
Given the reassuring results from previous chapters, that component level variances and particularly
covariances contain considerable information on stock index volatility, in this chapter we present an
outline of a GARCH-type model that explicitly takes note of the aggregated structure of the index.
Let

Rt =

Pt
−1
Pt−1

(6.1)

where Rt is the index return at time t.
Next, let

ut = Rt − E(Rt |Ft−1 )

(6.2)

where E(Rt |Ft−1 ) is the expected conditional value of the index return at time t – usually obtained from an ARMA(p,q) model.
The standard GARCH(p,q) model is then recursively specified as (Bollerslev, 1986):

ut = σt × εt

(6.3)

2
2
2
2
+ ... + α p × ut−p
+ β1 × σt−1
+ ... + βq × σt−q
σt2 = α0 + α1 × ut−1

(6.4)

where α0 >0, αi ≥ 0 (i = 1, ..., p), β j ≥ 0 ( j = 1, ..., q), and where ut is the residual from the mean
equation (6.2) at time t, σt2 is the fitted variance at time t, and εt is i.i.d. with zero mean and unit
variance (Hamilton, 1994). So the current (fitted) variance is a weighted function of the squared
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residuals from the mean equation for the previous p periods (ARCH terms) and the fitted variance
values from the model for the previous q periods (GARCH terms).
In the extant empirical literature, Equations (6.3) & (6.4) are used to model volatility behaviour
of micro units (returns of individual stocks), and also the volatility of the aggregate index returns,
without paying attention to the aggregated structure of stock index, and the hierarchical association
between the index and its components is ignored. It is worth examining how the variance decomposition from Chapter 3 can be used to refine the standard GARCH(p,q) specification in order to take
into account the nested structure of the index.
For simplicity, we illustrate how variance decomposition can be introduced in a GARCH(1,1)
model – the results should hold true for the general GARCH(p,q) model, and should be straightforward to see. We start with the standard GARCH(1,1) model:

ut = σt × εt

(6.5)

2
2
σt2 = α0 + α1 × ut−1
+ β1 × σt−1

(6.6)

with α0 >0, and α1 , β1 ≥ 0.
Recall the identity for the index variance from Chapter 3 (Comin and Mulani, 2006):
σt2 = VCt +CCt

(6.7)

where VCt and CCt are the variance component and the covariance component at time t, respectively, as defined in Chapter 4.
On this basis we can rewrite Equation (6.4) as:

2
+ β1 × (VCt−1 +CCt−1 )
σt2 = α0 + α1 × ut−1

(6.8)

2
= α0 + α1 × ut−1
+ β1 ×VCt−1 + β1 ×CCt−1

Rewriting the standard GARCH(1,1) model by introducing the variance and covariance components of the previous period into the variance model equation as we have done does not add value
yet. It is merely the standard GARCH(1,1) model in modified notation, with both the variance
and covariance components sharing the coefficient β1 . It however makes clear that the standard
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GARCH model (as rewritten) implicitly assumes the same marginal effect (namely β1 ) for the
lagged variance component and covariance component on the current index variance. This assumption is unlikely to hold generally, and has no theoretical justification.
For aggregate (index-type) variables it is worth considering the following Index-GARCH model
of volatility:

ut = σt × εt

2
σt2 = α0 + α1 × ut−1
+ β1 ×VCt−1 + γ1 ×CCt−1

(6.9)

(6.10)

with α0 >0, and α1 , β1 , γ1 ≥ 0.20
The first equation – Equation (6.9) – is identical in the standard GARCH specification. The
equation for the fitted variance – Equation (6.10) – allows for different marginal effects for the
lagged variance component and the lagged covariance component, unlike the standard GARCH
specification. Relaxing the restriction that the marginal effects must be equal makes the IndexGARCH model more flexible21 . Given this greater flexibility, the Index-GARCH model should
always fit the index variance at least as well as the standard GARCH model. Given its similarity
in structure to the standard GARCH model, the Index-GARCH model can also be estimated using
Maximum Likelihood with specified Gaussian/non-Gaussian residuals, Quasi-MLE or Generalised
Method of Moments, as described by Hamilton (1994). One issue that remains to be explored is
the implications of the rolling nature of VCt and CCt (which are based on some specified number of
2 by rolling values is to be analysed in more detail.
lagged values). The effect of replacing σt−1
The focus of this dissertation was on gaining better understanding of the drivers of index variance. A deep analysis of the properties of the proposed Index-GARCH model, its estimation and
its empirical validation, and implementation in statistical software are to be carried out as part of a
forthcoming research programme.

20 It

is worth clarifying that the covariance component – despite its name – is not a measure of covariance in a strict
sense, but rather a measure of variance that describes the part of the index variance that stems from the components’
covariance structure. For this reason, γ1 should also always be non-negative.
21 It is straightforward that the standard GARCH(1,1) model can be regarded as a special case of the IndexGARCH(1,1) model, where β1 = γ1 .
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Chapter 7
Conclusion
While there are myriad approaches to the empirical analysis of volatility in financial markets, an
approach that is particularly suitable for understanding the volatility of stock indices, based on
their nature as contemporaneous aggregates, has been lacking. Drawing on large related literatures
in Economics and Finance, our aim has been to deepen the understanding of the causal/structural
factors that drive volatility of financial aggregates.
Through a decomposition of the variance of index returns, we showed that it can be explained
entirely by three variables at the component level – namely, the weights of component stocks in
the index (a measure of index concentration), the variances of the returns of the constituent stocks,
and the covariances between the returns of the constituent stocks. While the decomposition is
straightforward, our finding that the covariance component is overwhelmingly the dominant driver
of index returns volatility is new to the best of our knowledge. The covariance component accounted
for approximately 87 % of index returns variance in our chosen empirical setting. In order to exploit
this useful result on how index return variance is determined, we set out to find a model to forecast
the covariance component of the index variance.
The covariance component is, by definition, driven by common movement of stock returns, and
there are structural/causal reasons for such co-movement. We studied the relationship of several
economic fundamentals with the covariance component, and attempted to estimate a Finite Distributed Lag Model to obtain dynamic causal effects. We found that the economic variables have
only a contemporaneous effect on the covariance component, and no dynamic effects – a result that
is consistent with the assumption that financial markets are efficient. The implication of this part
of our analysis is that for forecasting the covariance component a different approach is needed. We
then turned to unobserved components (state-space) models that are theoretically justified in this
context by the literature that documents the co-movement effects of speculative bubbles in financial
markets. The state-space framework is capable of capturing the cyclical behavior in the covariances
between individual stocks, that can be expected to follow from the business cycle effects on finan40
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cial markets. We found that the unobserved components approach lends itself well to the estimation
and forecasting of the covariance component. We also outlined a GARCH-type model that can take
into account the structure of aggregates, by introducing the components of aggregate volatility as
model parameters.
In summary, in this dissertation we approached a shortcoming in the current state of play in
volatility analysis: extant volatility models are commonly employed for the estimation of both
component-level volatility and aggregate volatility alike, ignoring the structure of the aggregate
(e.g. stock indices, price indices, or the growth rate of an economy). This loses valuable componentlevel information that should be used to improve models and forecast accuracy. Our analysis sets
a broad agenda for future research in the field. It is straightforward to extend the decomposition
based analysis to other contexts, such as inflation rates and national growth rates. In these settings,
the component weight distribution is likely to be a far more important determinant of aggregate
volatility than it is for stock indices with weight caps. Secondly, in contexts where volatility clustering and asymmetric conditional volatility are pronounced, the decomposition-based analysis of
volatility will be capable of throwing light on these features. Thirdly, it will be of great interest
to extend our analysis to allow for time-varying numbers of components in order to be able to
analyse the impact of entry-exit processes on aggregate volatility. Fourthly, it will be worthwhile
to develop joint estimation methods for the variance and covariance components that account for
the correlation between them. Finally, a systematic study of the statistical properties of the IndexGARCH model, evaluating its efficacy in estimating and forecasting index volatility compared to
extant volatility models that ignore the aggregation structure, and implementing it in standard statistical software will be of much interest. These research questions (together with approaches to
solutions) are discussed in Appendix A.
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Appendix A - Outline of Further Work
The empirical results in our research project have set an ambitious agenda for future work in the
field. Given the strict word limit of this dissertation, a thorough analysis of other – equally interesting – research question is left for future research projects. The following sections briefly outline
the research questions and potential solutions.

A.1

Extension to Other Contexts

It is worth extending the variance decomposition analysis to other context, such as price indices or
GDP growth. While the general idea is similar, certain features can be explored better in other contexts: For instance, it is likely that the specification of a structural model is much more feasible for
price index volatility. This is due to the fact that the drivers of inflation are much better understood
and documented than the drivers of stock index volatility, and that consumer price indices usually
have a lower frequency than stock market data, which makes finding suitable economic regressors
an easier task.
The main appeal of analysing GDP growth is that the impact of the weight distribution can be
studied. In the stock market context, weights of the constituent stocks will always be controlled
in some way or another22 (similarly, this will also be the case for price indices) – however, in the
GDP context the weights are firm sizes, that tend to fluctuate in a much more natural way. Another
advantage is the large literature on firm size distribution, seminal studies include Gibrat (1931), Hart
and Prais (1956), Simon and Bonnini (1958), Mansfield (1962), Ijiri and Simon (1964), and Cabral
and Mata (2003) – the general concensus is that firm size distribution is stable and approximately
log-normal. This large stock of research on the weight distribution in this context could prove
extremely valuable, if we choose to perform a Bayesian estimation of the state-space models for the
components of the aggregate variance, since it is possible to use informative prior distributions.

22 However, note that Greenwood (2008) documents a relation between component weights and covariance structure.

He finds that stocks that are overweighted in the Nikkei 225 index tend to show strong positive comovement with the
other stocks in the index, and a negative comovement with stocks outside of the index.
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A.2

Joint Estimation of Variance and Covariance Component

Overall, the use of state-space models for the variance component and the covariance component,
respectively, is appealing. However, the eventual goal of the modelling approach is to produce
reliable forecasts for the index variance. It is highly likely that merely using the sum of the variance
component forecast and the covariance component forecast will not be a good way to obtain a
forecast for the index variance – this is due to the fact that more often than not the covariance
component and the variance component will show a significant correlation. This is the case for our
dataset, as can be seen in Figure A.1.

Figure A.1: Correlation Between Covariance Component and Variance Component.

This calls for a joint estimation of the variance and covariance components. An interesting
approach might be modelling the components in a multivariate structural time series framework,
such as seemingly unrelated time series equations (SUTSE) that exploit their correlation structure,
as described by Fernandez and Harvey (1990).
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A.3

Analysis of Volatility Clustering and Asymmetric Volatility
Using Variance Decomposition

Tsay (2010) describes four characteristic features of volatility of financial returns:
• Volatility evolves over time in a continuous manner – i.e. volatility jumps are rare. This
concides with the pattern we have observed in the main part of the report, that can be described
as cyclical.
• Volatility varies within some fixed range and does not diverge to infinity.
• There exist volatility clusters – volatility is high for some periods and low for other periods.
• Volatility is affected differently by big price increases and big price drops – this is called the
leverage effect, first documented in Black (1976).
Due to the idiosyncrasies of our dataset – especially the general increasing trend of the DAX
over the entire observation period, the returns series did not show strong volatility clustering. We
also cannot observe an asymmetric effect over the observation period.

Figure A.2: Level of the Covariance Component at Times of Positive Index Return (green) and Negative
Index Return (red).
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Figure A.2 shows the level of the covariance component at times of positive return (green dots)
and of negative return (red dots), respectively – the conditional mean level of the covariance component when the index return is positive (negative) is shown by a green (red) line. It can be seen that
there is no strong evidence of asymmetry. The covariance component takes slightly higher levels
on average when the index return is positive – however, the difference is not significant.
Despite the lack of strong volatility clustering and asymmetric volatility effects for this specific
dataset, it is well-documented that for volatility of stock indices models that allow for asymmetric effects (for example, the EGARCH model) produce more accurate forecasts than the standard
GARCH approach in general (e.g. Peters, 2001; Awartani and Corradi, 2005; Alberg et al., 2008).
Using a longer data series – ideally one that includes both times of economic turmoil and boom –
it is worth investigating if the variance decomposition approach can help explain the asymmetric
volatility effect.

A.4

Time-Varying Nt

Allowing for a time-varying number of micro units may have interesting implications and improve
our understanding of asymmetric volatility. Recall the formula for the variance decomposition:

V ([Rτ ]tt−30 ) = ∑ w2it ×V ([riτ ]tt−30 ) + ∑ ∑ wit × w jt ×Cov([riτ ]tt−30 , [r jτ ]tt−30 )
i

i j6=i

In both the variance component and the covariance component, a product of weights enters the
equation. This suggests in a straightforward way that the variance of the aggregate index will be
positively correlated with the degree of concentration in the size distribution of the micro units.
Ceteris paribus, when the aggregate index consists of a large number of micro units, the variance
of the index returns will be lower than when it consists of a smaller number of micro units. In
a financial markets context, a time-varying number of micro units could be introduced into the
analysis by examining investment portfolios rather than stock indices – however, the number of
micro units will always be controlled to some extent in this context. More interestingly, in a GDP
growth context, this means that the variance growth rate will be lower when the economy has a large
number of firms (boom), than when it has a smaller number of firms (recession) – which could be
a first approach to explaining conditional asymmetric volatility. The implications of time-varying
number of firms (as a result of entry and exit processes) and – as a result – the evolving pattern of
the concentration of firm sizes are worth investigating and can be motivated by the simulation study
by McCloughan (1995).
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A.5

Implementation of Index-GARCH into Standard Statistical Software & Empirical Evaluation

A first outline of an Index-GARCH model that takes into account the hierarchical structure between
the aggregate index and its components has been presented in the main report. While the approach
seems fruitful given the findings of the variance decomposition study, the statistical properties of
such a model should be studied in future research – one pivotal question is how we can most
efficiently introduce the covariance and variance components into the GARCH framework (since
they are based on a 30-day rolling estimation, other than the previous model value of the index
variance in the GARCH model). Another question is whether the weighted covariance and variance
components should be introduced into the GARCH equation (as done in the main report), or if it
is more suitable to have 3 terms – the unweighted covariance component, the unweighted variance
component, and a measure of concentration like the Herfindahl-Hirschman index. The approach
we chose in the main report has the advantage that the relation between the index variance and the
weighted covariance and variance components is an exact identity, the approach with 3 terms would
have the advantage that we can analyse the impact of all three determinants of index variance –
component variances, component covariance structure, and concentration of the components’ size
distribution – in a more intuitive way.
After the best specification of an Index-GARCH model has been found and its properties are
well-understood, the model should be implemented into standard statistical software, such as R.
In R, the main package used for GARCH-family models is rugarch (Ghalanos, 2014), which is
a powerful environment for the Maximum Likelihood estimation of GARCH models. In case the
Index-GARCH specification stays as similar to the standard GARCH model as in the main report,
it should be a feasible task to modify the code of the rugarch package to be applicable to IndexGARCH as well. Alternatively, a separate R package on variance decomposition might be worked
on that includes the computation of rolling variance and covariance measures (as well as their
aggregation), as performed in this report, the estimation of Index-GARCH models, and possibly
functions for the estimation of state-space models for the variance and covariance components.23
Once the Index-GARCH is implemented into R, its usefulness for volatility forecasting can
be evaluated empirically by comparing its goodness of fit and forecasting accuracy to standard
GARCH models. Due to the relaxation of the restriction that the covariance and the variance com23 Note

that there are several packages that include basic functions for state-space estimation, as documented by
Petris and Petrone (2011), the most important of which are dlm (Petris, 2010), KFAS (Helske, 2010), and dse (Gilbert,
2013). While these packages provide a good environment for the estimation of basic Gaussian state-space models, such
as the local level model and the local linear trend model, they do not provide a straightforward way to include a cycle
term into the system of state equations.
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ponent have the same marginal effect on the index variance (that is part of the standard GARCH
model, as explained in the main report), there is reason to believe that a well-specified IndexGARCH model should outperform the standard GARCH model. However, it is important to note
that the current version of the Index-GARCH model does not allow for asymmetric volatility behavior and that asymmetric extensions should be worked on.
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Appendix B - List of Component Stock Returns (Used in the Empirical Analysis)
Stock Name
Observation Period
Adidas AG
24/09/2012 - 07/07/2014
Allianz SE
24/09/2012 - 07/07/2014
BASF SE
24/09/2012 - 07/07/2014
Bayer AG
24/09/2012 - 07/07/2014
Beiersdorf AG
24/09/2012 - 07/07/2014
Bayerische Motoren Werke AG
24/09/2012 - 07/07/2014
Commerzbank AG
24/09/2012 - 07/07/2014
Continental AG
24/09/2012 - 07/07/2014
Daimler AG
24/09/2012 - 07/07/2014
Deutsche Boerse AG
24/09/2012 - 07/07/2014
Deutsche Bank AG
24/09/2012 - 07/07/2014
Deutsche Lufthansa AG
24/09/2012 - 07/07/2014
Deutsche Post AG
24/09/2012 - 07/07/2014
Deutsche Telekom AG
24/09/2012 - 07/07/2014
E.ON AG
24/09/2012 - 07/07/2014
Fresenius Medical Care AG & Co. KGaA 24/09/2012 - 07/07/2014
Fresenius SE & Co KGaA
24/09/2012 - 07/07/2014
HeidelbergCement AG
24/09/2012 - 07/07/2014
Henkel AG & Co KGaA
24/09/2012 - 07/07/2014
Infineon Technologies AG
24/09/2012 - 07/07/2014
Linde AG
24/09/2012 - 07/07/2014
Lanxess AG
24/09/2012 - 07/07/2014
Merck KGaA
24/09/2012 - 07/07/2014
Münchener Rück AG
24/09/2012 - 07/07/2014
OSRAM Licht AG
08/07/2013 - 08/07/2013
RWE AG
24/09/2012 - 07/07/2014
SAP SE
24/09/2012 - 07/07/2014
K+S AG
24/09/2012 - 07/07/2014
Siemens AG
24/09/2012 - 07/07/2014
ThyssenKrupp AG
24/09/2012 - 07/07/2014
Volkswagen AG
24/09/2012 - 07/07/2014
Table B.1: DAX Components and Observation Periods for Which Returns Were Taken Into Account.
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Appendix C - Pruned R-Code
########################################################
Disaggregating Stock Index Return Volatility:
A Variance Decomposition Study
########################################################

# Preparation
###############
library(MASS); library(lmtest); library(TSA); library(forecast)
library(rugarch); library(dynlm); library(ellipse); library(car)
library(sandwich); library(Hmisc)
component_return.dat <read.csv("/Users/christophweiss/Desktop/DAX-Daten/
returns_short.csv", header = TRUE)
index_price.dat <read.csv("/Users/christophweiss/Desktop/DAX-Daten/
index_price.csv", header = TRUE)
index_return.dat <read.csv("/Users/christophweiss/Desktop/DAX-Daten/
index_returns_short.csv", header = TRUE)
weights.dat <read.csv("/Users/christophweiss/Desktop/DAX-Daten/
weights.csv", header = TRUE)
explanatory_vars.dat <read.csv("/Users/christophweiss/Desktop/DAX-Daten/
Explanatory_vars.csv", header = TRUE)
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# Functions for Main Analysis
##############################
#Compute Dynamic Covariance Between Two Time Series
comin_window_covariance<function(data1, data2, window_size = 5){
result_vector <- c(rep(NA, length(data1) - window_size))
for( i in (1 + window_size):(length(data1))){
result_vector[i - window_size] <cov(data1[(i - window_size):i], data2[(i - window_size):i])
}
plot(result_vector, main = paste("Dynamic Covariance
in Returns of ", deparse(substitute(data1)), " and ",
deparse(substitute(data2)), sep = ""), type = "l",
ylab = "Dynamic Covariance", xlab = "Time (Daily)",
ylim = c(-1, 1), xlim = (0, length(data1) - 2*window_size))
abline(0, 0, col = "red", lwd = 2)
result_vector
}
#Compute Dynamic Variance of a Time Series
comin_window_variance<function(data, window_size = 5){
result_vector <- c(rep(NA, length(data) - window_size))
for( i in (1 + window_size):(length(data1))){
result_vector[i - window_size] <var(data[(i - window_size):i])
}
result_vector
}
#Compute Pairwise Dynamic Covariance Series for All Index Components
pairwise_covariance <- function(index_data, window_size = 5){
output_list.names <- names(index_data)
output_list <- vector("list", length(output_list.names))
names(output_list) <- output_list.names
for(i in 1:ncol(index_data)){
d <- matrix(NA, ncol = nrow(index_data) - window_size,
nrow = ncol(index_data))
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for(j in 1:ncol(index_data)){
d[j,] <- comin_window_covariance(index_data[,i], index_data[,j],
window_size)
}
output_list[i] <- list(d)
rownames(output_list[[i]]) <- names(index_data)
}
output_list
}
#Compute Dynamic Variance Series for All Index Components
variance_component <- function(index_data, window_size = 5){
output_list.names <- names(index_data)
output_list <- vector("list", length(output_list.names))
names(output_list) <- output_list.names
for(i in 1:ncol(index_data)){
d <- comin_window_variance(index_data[,i],
window_size)
output_list[i] <- list(d)
}
output.list
}
#Correlation Plot
(http://hlplab.wordpress.com/2012/03/20/correlation-plot-matrices-usingthe-ellipse-library/)
my.plotcorr <- function (corr, outline = FALSE, col = "grey", upper.panel =
c("ellipse", "number", "none"), lower.panel = c("ellipse", "number", "none"),
diag = c("none", "ellipse", "number"), digits = 2, bty = "n", axes = FALSE,
xlab = "", ylab = "", asp = 1, cex.lab = par("cex.lab"), cex = 0.75 *
par("cex"), mar = 0.1 + c(2, 2, 4, 2), ...){
if (!require(’ellipse’, quietly = TRUE, character = TRUE)) {
stop("Need the ellipse library")
}
savepar <- par(pty = "s", mar = mar)
on.exit(par(savepar))
if (is.null(corr))
return(invisible())
if ((!is.matrix(corr)) || (round(min(corr, na.rm = TRUE), 6) < -1) ||
(round(max(corr, na.rm = TRUE), 6) > 1))
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stop("Need a correlation matrix")
plot.new()
par(new = TRUE)
rowdim <- dim(corr)[1]
coldim <- dim(corr)[2]
rowlabs <- dimnames(corr)[[1]]
collabs <- dimnames(corr)[[2]]
if (is.null(rowlabs))
rowlabs <- 1:rowdim
if (is.null(collabs))
collabs <- 1:coldim
rowlabs <- as.character(rowlabs)
collabs <- as.character(collabs)
col <- rep(col, length = length(corr))
dim(col) <- dim(corr)
upper.panel <- match.arg(upper.panel)
lower.panel <- match.arg(lower.panel)
diag <- match.arg(diag)
cols <- 1:coldim
rows <- 1:rowdim
maxdim <- max(length(rows), length(cols))
plt <- par("plt")
xlabwidth <- max(strwidth(rowlabs[rows], units = "figure",
cex = cex.lab))/(plt[2] - plt[1])
xlabwidth <- xlabwidth * maxdim/(1 - xlabwidth)
ylabwidth <- max(strwidth(collabs[cols], units = "figure",
cex = cex.lab))/(plt[4] - plt[3])
ylabwidth <- ylabwidth * maxdim/(1 - ylabwidth)
plot(c(-xlabwidth - 0.5, maxdim + 0.5), c(0.5, maxdim + 1 + ylabwidth),
type = "n", bty = bty, axes = axes, xlab = "", ylab = "", asp = asp,
cex.lab = cex.lab, ...)
text(rep(0, length(rows)), length(rows):1, labels = rowlabs[rows],
adj = 1, cex = cex.lab)
text(cols, rep(length(rows) + 1, length(cols)), labels = collabs[cols],
srt = 90, adj = 0, cex = cex.lab)
mtext(xlab, 1, 0)
mtext(ylab, 2, 0)
mat <- diag(c(1, 1))
plotcorrInternal <- function() {
if (i == j){ #diag behavior
if (diag == ’none’){
return()
} else if (diag == ’number’){
text(j + 0.3, length(rows) + 1 - i, round(corr[i, j],
61

APPENDIX C. R-CODE

digits=digits), adj = 1, cex = cex)
} else if (diag == ’ellipse’) {
mat[1, 2] <- corr[i, j]
mat[2, 1] <- mat[1, 2]
ell <- ellipse(mat, t = 0.43)
ell[, 1] <- ell[, 1] + j
ell[, 2] <- ell[, 2] + length(rows) + 1 - i
polygon(ell, col = col[i, j])
if (outline)
lines(ell)
}
} else if (i >= j){ #lower half of plot
if (lower.panel == ’ellipse’) {
mat[1, 2] <- corr[i, j]
mat[2, 1] <- mat[1, 2]
ell <- ellipse(mat, t = 0.43)
ell[, 1] <- ell[, 1] + j
ell[, 2] <- ell[, 2] + length(rows) + 1 - i
polygon(ell, col = col[i, j])
if (outline)
lines(ell)
} else if (lower.panel == ’number’) {
text(j + 0.3, length(rows) + 1 - i, round(corr[i, j],
digits=digits), adj = 1, cex = cex)
} else {
return()
}
} else { #upper half of plot
if (upper.panel == ’ellipse’) {
mat[1, 2] <- corr[i, j]
mat[2, 1] <- mat[1, 2]
ell <- ellipse(mat, t = 0.43)
ell[, 1] <- ell[, 1] + j
ell[, 2] <- ell[, 2] + length(rows) + 1 - i
polygon(ell, col = col[i, j])
if (outline)
lines(ell)
} else if (upper.panel == ’number’) {
text(j + 0.3, length(rows) + 1 - i, round(corr[i, j],
digits=digits), adj = 1, cex = cex)
} else {
return()
}
}
}
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for (i in 1:dim(corr)[1]) {
for (j in 1:dim(corr)[2]) {
plotcorrInternal()
}
}
invisible()
}

# Main Analysis
###############
########
Chapter 3
########
#Figure 3.1
plot(index_price.dat$Price, type = "l", col = "blue", lwd = 2,
xlab = "Trading Day (0 = 9th December 2009)", ylab = "Index Price (in EUR)")
#Figure 3.2
plot(component_return.dat$Adidas, type = "l", col = "blue", lwd = 2,
xlab = "Trading Day (0 = 24th September 2012)",
ylab = "Daily Arithmetic Return (Adidas)")
abline(0, 0, col = "red")
#Figure 3.3
plot(weights.dat$Adidas, type = "l", col = "blue", lwd = 2,
ylab = "Weight(Adidas)", xlab = "Trading Day (0 = 24th September 2012)")
#Figure 3.4
mean_weights <- colMeans(weights.dat)
mean_weights <- mean_weights[order(colMeans(weights))]; mean_weights
plot(mean_weights, col = "blue", ylab = "Mean Weight", xlab = "", xaxt = "n")
with(weights, text(mean_weights, labels = c(rep(NA, 24),"Daimler",
"Allianz", "SAP", "BASF", "Bayer", "Siemens" ), pos = 2, cex = 0.6))
#Herfindahl-Hirschman Index
weights_sq <- weights.dat^2
HHI <- rowSums(weights_sq); HHI
#Figure 3.5
plot(HHI, type = "l", lwd = 2, col = "blue",
ylab = "Herfindahl-Hirschman Index",
xlab = "Trading Day (0 = 24th September 2012)")
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########
Chapter 4
########
component_data <- component_return.dat[,2:31]
covariance_data <- pairwise_covariance(component_data, window_size = 30)
variance_data <- variance_component(component_data, window_size = 30)
#Figure 4.1
plot(variance_data$Adidas, type = "l", ylab = "Dynamic Variance (Adidas)",
xlab = "Trading Day (0 = 5th November 2012)", col = "blue", lwd = 2)
#Figure 4.2
weights_sq <- as.data.frame(weights.dat^2)
weighted_Var_Adidas <- variance_data$Adidas * weights_sq$Adidas[31:450]
plot(weighted_Var_Adidas, type = "l", lwd = 2, col = "blue",
ylab = "Weighted Dynamic Variance (Adidas)", xlab = "Trading Days (0 = 5th
November 2012)")
#Store all covariance and variance data in a matrix:
output <- matrix(NA, nrow = 900, ncol = 420)
output[1:30,] <- covariance_data$Adidas
output[31:60,] <- covariance_data$Allianz
.
.
.
output[871:900,] <- covariance_data$Volkswagen
#Rename weights:
weight1 <- weights.dat$Adidas
weight2 <- weights.dat$Allianz
.
.
.
weight30 <- weights.dat$VW
#Compute Variance Component from Variance Decomposition
var_component <output[1,] * weight1^2 +
output[32,] * weight2^2 +
output[63,] * weight3^2 +
output[94,] * weight4^2 +
.
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.
.
output[900,] * weight30^2
#Figure 4.3
plot(var_component, type="l", ylim=c(0, 0.000019), lwd=2,
col="blue", ylab = "Weighted Dynamic Variance",
xlab = "Trading Days (0 = 5th November 2012)")
lines(output[1,] * weight1^2, col = "grey")
lines(output[32,] * weight2^2, col = "grey")
lines(output[63,] * weight3^2, col = "grey")
lines(output[94,] * weight4^2, col = "grey")
.
.
.
lines(output[900,] * weight30^2, col = "grey")
legend("topleft", fill = c("blue","grey"),
legend = c("Total Weighted Variance Component",
"Weighted Variance Series of Individual Stocks"), bty = "n")
#Figure 4.4
plot(output[2,], type = "l", ylim = c(-0.0002, 0.0004),
ylab = "Dynamic Covariance (Adidas)",
xlab = "Trading Days (0 = 5th November 2012)", col = "grey")
lines(output[3,], col = "grey")
lines(output[4,], col = "grey")
.
.
.
lines(output[30,], col = "grey")
#Contribution of Adidas to Covariance Component
contribution_Adidas_cov <- output[2,] * weight1 * weight2 +
output[3,] * weight1 * weight3 +
output[4,] * weight1 * weight4 +
.
.
.
output[30,] * weight1 * weight30
#Figure 4.5
plot(contribution_Adidas_cov, type = "l", col="blue",lwd=2,
ylab="Weighted Dynamic Covariance (Adidas)",
xlab="Trading Days (0 = 5th November 2012)",
ylim=c(-0.0000003, 0.000006))
65

APPENDIX C. R-CODE

lines(output[2,] * weight1 * weight2, col = "grey")
lines(output[3,] * weight1 * weight3, col = "grey")
lines(output[4,] * weight1 * weight4, col = "grey")
.
.
.
lines(output[30,] * weight1 * weight30, col = "grey")
legend("topright", fill = c("blue", "grey"), bty = "n",
legend = c("Contribution of Adidas AG to Total Covariance Component",
"Weighted Pairwise Dynamic Covariance of Adidas AG with Other
Constituent Stocks"))
#Compute Covariance Component from Variance Decomposition:
cov_component <output[2,] * weight1 * weight2 +
output[3,] * weight1 * weight3 +
.
.
.
output[30,] * weight1 * weight30 +
output[31,] * weight2 * weight1 +
output[33,] * weight2 * weight3 + ##exclude rows that are variances
.
.
.
output[899,] * weight30 * weight29
#Figure 4.6
plot(cov_component, type = "l", lwd = 2, col = "blue",
xlab = "Trading Days (0 = 5th November 2012)",
ylab = "Total Covariance Component")
#Compute Dynamic Variance from Index Return Data:
indexvar <- comin_window_variance(index_return.dat$Index, window_size = 30)
#Figure 4.7
par(mfrow = c(1, 2))
plot(indexvar, type = "l", col = "red", lwd = 2,
ylab = "Dynamic Index Variance",
xlab = "Trading Days (0 = 5th November 2012)", ylim = c(0, 0.0002))
legend("topright", fill = "red", legend = "Dynamic Index Variance", bty = "n")
plot(var_component + cov_component, type = "l", col = "orange", lwd = 2,
ylab = "Dynamic Index Variance", xlab = "Trading Days (0 = 5th November 2012)",
ylim=c(0,0.0002))
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lines(cov_component, col = "blue")
lines(var_component, col = "green")
legend("topright", fill = c("orange", "blue", "green"),
legend = c("VC + CC", "CC", "VC"), bty = "n")
#Figure 4.8
par(mai=c(1.2,1.2,0.43,0.42))
plot(cov_component/indexvar, type = "l", ylab = "Fraction of the Index
Variance Explained \n by the Covariance Component",
xlab = "Trading Days (0 = 5th November 2012)", col = "blue", lwd = 2)
abline(h = mean(cov_component/indexvar), col = "red", lty = 2)
########
Chapter 5
########
#Explore Correlation Between Dependent Variable and Regressors
corexpl <- cor(explanatory_vars.dat, use="pairwise.complete.obs")
#Figure 5.1
colors <- colramp(100)
my.plotcorr(corexpl, col=colors[((corexpl + 1)/2) * 100], diag=’ellipse’,
upper.panel="number", main=’Predictor correlations’)
#Figure 5.2
par(mfrow = c(2,1))
plot(cov_component, type = "l", lwd = 2, col = "blue",
ylab="Covariance Component", xlab = "Trading Days (0 = 5th November 2012)")
plot(explanatory_vars.dat$EUR.USD, type = "l", lwd = 2,
ylab = "EUR/USD", xlab = "Trading Days (0 = 5th November 2012)")
#Distributed Lag Modelling
cov.ts <- ts(cov_component)
ex.ts <- ts(explanatory_vars.dat$EUR.USD)
dlm.dat <- ts.union(cov.ts, ex.ts)
plot(dlm.dat)
#Potential Models
ex.dlm1<-dynlm(cov.ts~L(ex.ts, 0:1))
coeftest(ex.dlm1, vcov = vcovHAC(ex.dlm1)); AIC(ex.dlm1)
ex.dlm2<-dynlm(cov.ts~L(ex.ts, 0:2))
coeftest(ex.dlm2, vcov = vcovHAC(ex.dlm2)); AIC(ex.dlm2)
ex.dlm3<-dynlm(cov.ts~L(ex.ts, 0:3))
coeftest(ex.dlm3, vcov = vcovHAC(ex.dlm3)); AIC(ex.dlm3)
ex.dlm4<-dynlm(cov.ts~L(ex.ts, 0:4))
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coeftest(ex.dlm4, vcov = vcovHAC(ex.dlm4));
ex.dlm5<-dynlm(cov.ts~L(ex.ts, 0:5))
coeftest(ex.dlm5, vcov = vcovHAC(ex.dlm5));
ex.dlm6<-dynlm(cov.ts~L(ex.ts, 0:6))
coeftest(ex.dlm6, vcov = vcovHAC(ex.dlm6));
ex.dlm7<-dynlm(cov.ts~L(ex.ts, 0:7))
coeftest(ex.dlm7, vcov = vcovHAC(ex.dlm7));
#ex.dlm1 is selected

AIC(ex.dlm4)
AIC(ex.dlm5)
AIC(ex.dlm6)
AIC(ex.dlm7)

#Figure 5.3
coefs <- ex.dlm1$coef[2:3] #Dynamic Multipliers
conf <- summary(ex.dlm1)$coef[2:3, 2] * qnorm(p = 0.95) #CI
ex.dlm1.e <- dynlm(cov.ts ~ L(ex.ts, 1) + L(d(ex.ts, 1), 0:0))
mul <- ex.dlm1.e$coef[c(2:3,2)] #Cumulative Multipliers
con2 <- sqrt(diag(vcovHAC(ex.dlm1.e)))[c(2:3,2)]*qnorm(p=0.95) #CI
d <- data.frame(x = c(0:1), y = coefs, sd = conf)
d2 <- data.frame(x = c(0:1), y = c(mul[2],mul[1]), sd = c(con2[2],con2[1]))
par(mfrow = c(1,2)
plot(d$x, d$y, type = "n", ylim = c(-0.001, 0.001),
ylab = "Dynamic Multiplier", xlab = "Lag", xlim = c(-0.5,1.5),
xaxt = "n", pch = 15, yaxt = "n")
with(d, expr = errbar(x, y, y + sd, y - sd, add = T, pch = 1, cap = .1))
abline(0,0, col = "red", lty = 2)
axis(1, at = c(0:1))
axis(2, at = c(-0.001, 0, 0.001))
plot(d2$x, d2$y, type = "n", ylim = c(-0.001, 0.001),
ylab="Cumulative Multiplier", xlab = "Lag", xlim = c(-0.5,1.5),
xaxt = "n", pch = 15, yaxt = "n")
with(d2, expr = errbar(x, y, y + sd, y - sd, add = T, pch = 1, cap = .1))
abline(0, 0, col = "red", lty = 2)
axis(1, at = c(0:1))
axis(2, at = c(-0.001, 0, 0.001)
########
Appendix A
########
#Figure A.1
scatterplot(cov_component, var_component, ylab = "Variance Component (VC)",
xlab = "Covariance Component (CC)", spread = FALSE)
legend(locator(1), fill = c("green", "red"),
legend = c("Linear Regression Line", "Lowess Smooth"), bg = "white")
#Figure A.2
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index_return_short.dat <- index_return.dat$Index[31:450]
asym.dat <- data.frame(Return = index_return_short.dat,
Covariance = cov_component)
asym.dat$CovWhenPos <- ifelse(asym.dat$Return > 0, asym.dat$Covariance, NA)
asym.dat$CovWhenNeg <- ifelse(asym.dat$Return < 0, asym.dat$Covariance, NA)
plot(asym.dat$CovWhenPos, col = "green",
xlab = "Trading Days (0 = 5th November 2012)", ylab = "Covariance Component")
points(asym.dat$CovWhenNeg, col = "red")
lines(cov_component)
abline(h = mean(asym.dat$CovWhenPos, na.rm = TRUE), col = "green")
abline(h = mean(asym.dat$CovWhenNeg, na.rm = TRUE), col = "red")
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